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Abstract 
Introduction. Two-axis gimbal systems are applied for stabilizing and controlling the line of sight (LOS) of an opti-
cal or imaging system mounted on a moving vehicle. Gimbal systems are intended to isolate various disturbance 
torques and control the LOS toward the direction of a target. Two-axis gimbals can be of two main types, namely 
Yaw-Pitch and Swing-Roll type. In this article, we focus on investigating mathematical models of two-axis gimbals, 
which describe the impact of cross-disturbance torques on their stability and control performance. Simulations were 
conducted to compare advantages and disadvantages of the two types of two-axis gimbals. 
Aim. To study mathematical models describing the impact of cross-disturbance torques on the stability and control 
performance of two-axis gimbals. 
Materials and methods. Mathematical models of two-axis gimbal systems were synthesized by the Lagrange meth-
od. The operation of two-axis gimbal systems was simulated in the Matlab-Simulink environment. 
Results. Mathematical models and structural diagrams of the synthesized Yaw-Pitch and Swing-Roll gimbals were 
obtained. The conducted simulations of typical cases revealed different cross-disturbance effects. 
Conclusion. Motion equations for Swing-Roll and Yaw-Pitch gimbals were derived using similar methodology. The 
impact of cross-disturbance torques on gimbal systems was evaluated. The obtained results form a basis for selecting 
an optimal structure of tracking systems meeting the desired characteristics. 
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Introduction. Stabilization and line-of-sight 
control systems installed in optical devices, such 
as cameras or optical sensors, have found wide 
application [1]. These systems comprise a gimbal, 
an inertial angular rate and angle sensor, and a 
control subsystem. Accordingly, the selection of 
an appropriate gimbal architecture for specific 
application domains has a significant influence 
on the system's ability to stabilize and control the 
line of sight (LOS). In practice, three types of 
gimbal systems are commonly used: three-axis 
gimbals [2], Yaw-Pitch two-axis gimbals [3], and 
Swing-Roll two-axis gimbals [4]. Although ex-
hibiting the highest stability [5], three-axis gim-
bals are complex in structure and are applicable 
in systems covering a relatively large space. 
Therefore, two-axis gimbals are used in devices 
having restrictions on mass and size, e. g., an im-
aging gimbaled seeker [6, 7]. Compared to 
Swing-Roll gimbals, Yaw-Pitch two-axis gimbals 
are controlled by two independent channels ac-
cording to the cartesian coordinate system, which 
fact determines their popularity [8–11]. This is 
consistent with the process of tracking an object 
along two axes on a camera image. Swing-Roll 
gimbals control the polar coordinate system, 
therefore requiring conversion of the camera's 
coordinate system into the gimbal's coordinate 
system [6]. However, according to [4], Swing-
Roll systems outperform Yaw-Pitch systems in 
terms of expanded field of view. The selection of 
an appropriate gimbal structure for particular 
purposes depends on its ability to separate the 
carrier' movements from the optical axis. There-
fore, research into the impact of disturbance tor-
ques on the stability and control performance of 
various two-axis gimbal systems presents a rele-
vant task. 

In this paper, we investigate the applicability 
of various gimbal types for space-limited seeker 
systems. In this regard, we focus on comparing 
the impact of disturbance torques on the above-
mentioned two-axis gimbal types. 

The paper is organized as follows. First, we 
construct mathematical models of two-axis gimbal 
systems. Secondly, a structural analysis of the 
gimbal systems under study is carried out. Thirdly, 
the simulation, evaluation, and comparison results of 

 
 

disturbance torque effects on the stability and control 
performance of the two-axis gimbals under study are 
presented. Finally, the conclusions are drawn. 

Mathematical models of two-axis gimbals. 
Yaw-Pitch two-axis gimbal. The architecture 

of a Yaw-Pitch 2-axis gimbal is presented in 
Fig. 1, which shows two axes of rotation in eleva-
tion and azimuth channels. The azimuth channel 
(Yaw) is a channel that rotates around the bZ  axis 

of the сonnected coordinate system with a rotation 
angle β. The elevation channel (Pitch) is a channel 
rotated around the hY  axis of the seeker's coordi-

nate system with a rotation angle ε. The designa-
tions used in Fig. 1 are as follows: 

, ,b b bX Y Z – body coordinate system  

(Body – B); 
, ,h h hX Y Z – coordinate system of the homing 

head (Head – H); 
, ,h bhX Y Z′ – coordinate system of the azimuth 

frame (Yaw – Y). 
Accordingly, the directional cosine matrix 

converted from the body coordinate system to the 
azimuth frame coordinate system is ,y

bC  while 

that converted from the azimuth frame coordinate 

system to the homing head coordinate system is :h
yC  

 
cos sin 0
sin cos 0 ;
0 0 1

y
bC

β β 
 = − β β 
  

  

 

Fig. 1. Structure of Swing-Roll gimbal 
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cos 0 sin

0 1 0 .
sin 0 cos

h
yC

ε − ε 
 =  
 ε ε 

 (1) 

Let the inertial rotational rate of the coordinate 
systems along its axes be: 

[ ]B
B ;T

b b bI P Q Rω =  [ ]H
H I

T
h h hp q rω =  

and Y
Y I .T

y y yp q rω =     

Then, the speed vector of inertia angle that is 
represented in the azimuth frame will take  
the form: 

 Y B
B/IY I 0 0 .

Ty
bC  ω = ω + β   (2) 

And the speed vector of inertia angle that is 
represented in the elevation frame will be: 

 [ ]H Y
H I Y I 0 0 .Th

yCω = ω + ε  (3) 

Let the matrix of the inertia moment of the el-
evation frame take the form, respectively: 

 

Y

H

;

.

y y y
x xy xz
y y y
xy y yz

y y y
yz zxz

h h h
x xy xz
h h h
xy y yz
h h h
xz yz z

J J J

J J J J

J J J

J J J

J J J J

J J J

=

=

 
 
 
 
 
  
 
 
 
 
  

  

The angular momentum is given by the ex-
pression H J= ω . Then, the equation for a rotation 
moment with respect to the elevation frame will 
take the form 

 Y
Y I .P P P

t
∂

Τ = Η +ω Η
∂

 (4) 

By substituting (1), (2) and (3) into (4) and as-
suming that the gimbal’s texture is rigid, the fol-
lowing expression can be obtained after a few 
transformations 

 ( ) ( )2 2h h h h
y h y z x h h xz h hJ q T J J p r J p r= + − + − −   

 ( ) ( ) ,h h
yz h h h xy h h hJ r p q J p q r− − − −   (5) 

where yT  is the sum of torques acting on the ele-

vation frame system. In the absence of other dis-
turbance torques (such as friction), this is the 
torque produced by the motor. On the right side of 
expression (5), the components containing the 
moment of inertia describe cross-channel connec-
tions in the presence of movement along other ax-
es. Therefore, expression (5) can be considered as 
a complete form modeling the elevation frame dy-
namics. When substituting (3) into expression (5), 
the disturbance components arising due to cross 
disturbance are calculated by the formula: 

 ,D B CT T T= +  (6) 

where 

 

( )( )
( )

( ) ( ) ( )

sin cos

cos sin

cos 2 2 sin 2

h h
B yz xy y y y

h h
yz xy y y

h h h
z x xz y y

T J J p q r

J J p q

J J J p r

= − ε + ε + +

+ ε + ε +

 + − ε − ε + 



  

 ( ) ( ) ( ) ;21 sin 2 2 cos 2
2

h h h
z x xz yJ J J p + − ε − ε   (7) 

 ( )sin cosh h
C xy yz yT J J r= ε + ε +   

 ( ) ( ) ( ) 21 sin 2 2 cos 2 .
2

h h h
z x xz yJ J J r + − ε − ε   (8) 

This finding shows that cross-disturbance com-
ponents persist even in the absence of the system's 
movement. Hence, when 0;bP =  0;bQ =  0,bR =  
then 0BT =  according to (2). However, due to 

0;yr ≠  therefore, 0.CT ≠  It can be seen from BT

and CT  that, provided that the gimbal system en-
sures absolute symmetry (mean that 

h h h
xy yz xzJ J J= = ) and ,h h

x zJ J=  then there will be 

no cross-disturbance components 0.DT =  Howev-
er, the absence of any cross disturbance is almost 
impossible to observe in practice, including in 
two-axis gimbal systems. Consequently, these 
components should always be calculated in order 
for their negative impact to be eliminated. 

The formation of a dynamic model for the az-
imuth channel (Yaw) is preformed similarly to the 
approach described above. According to [3], 
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 1 2 3,y
y z d d dJ r T T T T= + + +  (9) 

where 

 2 2sin cosy y h h
z x zJ J J J= + ε + ε −   

 ( )2sin 2 ;h
xzJ− ε  (10) 

 2
1 cosy h

d x xT J J= + ε +   

 2sin sin 2 ;h h
z xz y yJ J p q+ ε − ε  (11) 

 

( )
( ) ( )

( )

2 sin cos

cos 2

cos sin

y h h
d xz z z

y
xz y y y

y h h
yz yz xy y y y

T J J J

J p q r

J J J q p r

= − + − ε ε +
+ ε − −

 − + ε − ε − − 





  

 ( )2 2cos sin ;y h h
xy xy yz y yJ J J p q − + ε + ε −   (12) 

and 

 ( )( )
( )

3 sin cos

cos 2 sin 2

2 sin 2 cos 2

h h
d xz yz

h h
x z y y

h
xz y y

T J J

J J p r

J p r

 = ε ε + ε + 
+ ε − ε − ε ×

× ε − ε +



   

 ( )( )sin cos .h h h
yz xy h y x yJ J q q J p + ε ε − ε + −   (13) 

Equation (9) is a differential form of the angu-
lar rate along the z-axis of the azimuth frame for a 
2-axis gimbal, where zT  is the total number of the 
moments acting on this shaft. The components 

1 2 3, ,d d dT T T  are disturbances caused by the cross-
channel relationship affecting the gimbal system. 

It can be seen that yJ  calculated by expression 
(10) is the total moment of inertia along the z-axis, 
varying in time and depending on the rotation an-
gle of the elevation channel of a two-axis gimbal 
system. Components 1 2 3, ,d d dT T T  are disturb-
ances caused by the cross-channel relationship. 
When no such a relationship is observed, the mo-

ment of inertia 0.h
xzJ =  In order for yJ  to be 

time-invariant, the condition h h
x zJ J=  must be 

satisfied. However, this is rarely achieved, since a 
gimbal is frequently equipped with a camera in 
practice. Therefore, a two-axis gimbal is inevitably 
a non-linear system. 

The components 1 2 3, ,d d dT T T  are disturbances 
generated by the cross-channel relationship. When 
the elevation angle is fixed, only two compo-
nents – 1 2, ,d dT T – are present, which can be con-
sidered as stiffness coefficients in the motion 
equation. When 0,ε ≠  a moment action 3dT  can 
be added, which is considered as the object’s de-
formation component. 

Equations (11)–(13) show that, even when the 
design of a gimbal system satisfies 

0,h h h
xy yz xzJ J J= = =  the disturbance components 

generated by the cross-channel relationships still 

exist due to .h h
x zJ J≠  Therefore, these disturbance 

components can hardly be eliminated by perfect-
ing the mechanical structure design. 

Swing-Roll two-axis gimbal. Fig. 2 presents a 
two-axis Swing-Roll gimbal system, in which the 
Roll channel is a channel that rotates around the 
axis rX  of the Roll frame with a rotation angle 

.η  The Swing channel is a channel that rotates 
around the axis sX  of the Swing frame with a ro-
tation angle α. 

A mathematical model for a Swing-Roll gim-
bal system can be constructed similarly to that of a 
Yaw-Pitch gimbal system. 

The coordinate systems in Fig. 2 include: 
,r rX Y  and rZ  – the coordinate system of the 

Roll frame (R); 
,s sX Y  and sZ  – the coordinate system of the 

Swing frame (S). 
The directional cosine  matrix  converted  from 

 

Fig. 2. Structure of Swing-Roll gimbal 
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the associated coordinate system to the coordinate 

system of the Roll frame is ,r
bC  while the direc-

tional cosine matrix converted from the coordinate 
system of the Roll frame to the coordinate system 

of the Swing frame is :s
rC  

 

1 0 0
0 cos sin ;
0 sin cos

cos sin 0
sin cos 0 .
0 0 1

r
b

s
r

C

C

 
 = η η 
 − η η 

α α 
 = − α α 
  

 (14) 

Let the inertial rotational rate of the coordinate 

systems along its axes be: [ ]S
S I ;T

s b bp q rω =  

[ ]R
R I .T

r r rp q rω =  

In this case, the vectors of the angular rate of 
inertia for the Roll frame and the Swing frame, 
respectively, take the form: 

 [ ]R B
R I B I 0 0 ;Tr

bCω = ω + η  (15) 

 [ ]S R
S I R I 0 0 .Ts

rCω = ω + α  (16) 

By designating the matrices of inertia mo-
ments for the Roll frame and the Swing frame as 

RJ  and S,J  respectively, the following is ob-
tained: 

 

R

S

;

.

r r r
x xy xz
r r r
xy y yz
r r r
xz yz z

s s s
x xy xz
s s s
xy y yz
s s s
xz yz z

J J J

J J J J

J J J

J J J

J J J J

J J J

 
 
 =
 
  
 
 
 =
 
  

  

By substituting (14), (15) and (16) into (4), the 
motion equation of Swing frame is: 

 ;s s
z s z DJ r T T= +   

 ( ) ( )2 2s s s s
s sD x y s s xyT J J p q J p q −= − + −   

 ( ) ( ).s s
s s s s sxz yz sJ p p r J q p r− − − −   (17) 

Expressions (5) and (17) show that the impact 
of disturbances caused by the cross-channel rela-
tionship for the two types of gimbal systems under 
study has similar characteristics. However, the dis-
turbances arising from each rotation along the axes 
is different. Therefore, in order to minimize the 
impact of these disturbances, an optimal gimbal 
should be selected based on the motion properties 
of each carrier. 

The dynamic equation of motion for the Roll 
channel is described as follows: 

 1 2 3 4 5 6,r
r xJ p T T T T T T T= + + + + + +  (18) 

where 

 
( )2 2cos sin sin 2 ;r r s s s

x x x xyJ J J J J= + α + α + α (19) 

 ( )1 sin cosr s s
xy y xT J J J= − + − α α +

  

 ( ) ( )cos 2 ;s
xy r sJ q p rs+ α −


  (20) 

 ( )2 cos sinr s s
xz xz yzT J J J= − + α + α ×   

 ( );r r rr p q× +  (21) 

 ( )3 sin cos cosr s s
yz xz yzT J J J= − + α α + α ×   

 ( )2 2 ;r rq r× +  (22) 

 

( )( )2 2
4 sin sin 2 cosr s s s

y x xy yT J J J J= + α − α + α −
  

 

( ) ;r s
z z r rJ J q r− +   (23) 

 ( )5 cos sin ;s s
xz yzT J J= − α + α α  (24) 

 

( )
( ) ( ) ( )( ) ]

6 cos sin

sin 2 2 cos 2 sin 2

s s
xz yz

s s s
x xy y r

T J J

J J J p

= − α + α +

+ − α + α + α α −
  

 

( ) ( ) ( )cos 2 2 sin 2 .s s s s
y x yz z rJ J J J q − − α − α + α    (25) 

The above equations provide a systematic un-
derstanding of the nature of the Roll channel 
movement in differential forms with respect to the 
angular rate around the axis X, where xT  is the 
total moments acting on this axis, including those 
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generated by both the motor and friction. Equa-
tions (20)–(25) show the disturbance torques 
caused by the cross-channel relationship. In the 
absence of movement along the Swing channel, 

0α =  and, hence, 5 6 0.T T= =  In this case, the 
components 1 4T T÷  are considered as moments 
caused by the cross-disturbance of a rigid body. 
However, in the presence of movement along the 
Swing channel, moments 5 6,T T  are understood as 
those generated by the object deformation. 

Synthesis of a block diagram for a two-axis 
gimbal system. Fig. 3 presents a block diagram 
outlining the operation of a control system that 
stabilizes the line of sight using a two-axis Yaw-
Pitch gimbal. This diagram was developed based 
on equations (2)–(13) and the model of cross-
disturbance effects described by (6) and (9). In the 
diagram, a DC motor is used with a reduced trans-

fer function in the form 
1

m

m

K
T S+

 [12]. The struc-

ture diagram for a Swing-Roll two-axis gimbal 
system is built solely on the basis of equations 
(15)–(25). The controller is selected from an array 
of the known control laws, depending on the re-
quirements of accuracy, noise damping, robust-
ness, and simplicity of implementation. Since this 
work is aimed at investigating the impact of cross-
disturbance effects and object movement on the 
stability of the line of sight, a canonical PI control-
ler [7, 8] was selected for simulations. A study of 

controllers in terms of damping noise and ensuring 
accuracy will be presented in another paper. 

Disturbance torques that affect the perfor-
mance of two-axis stabilization systems include 
not only effects caused by the cross-channel rela-
tionship due to imbalance, but also those caused 
by the drive system friction [13, 14]. Disturbance 
friction torques acting on the two gimbal systems 
are rather similar, since both of them have two ax-
es. In addition, the effect of friction can be reduced 
by selecting a gimbal system manufactured ac-
cording to a qualitative technology and a motor 
having a sufficient torque. Therefore, in this paper, 
the moment of friction is not considered. 

Accordingly, this section will compare disturb-
ance effects on the two-axis gimbal systems under 
study to provide a basis for selecting and synthe-
sizing a line-of-sight stabilization control system 
for specific application domains. 

In order to ensure the convergence of theoreti-
cal and actual data, all parameters were pre-
calculated and re-calibrated using a parameter 
identification method [15]. The symbols ye  and 

ze  denote the angular error between the line of 
sight and the axis of the homing head issued by the 
target image tracking system (optical or radar). 

Simulation results.  
Input data. The input data is presented in Ta-

ble 1, where pK  and iK  are obtained from the 
PID tuning tool of the MatLab software. 
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Fig. 3. Structure of control system using a Yaw-Pitch gimbal 
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Simulation options. The simulation options 
are presented in Tab. 2, where ,bP bQ  and bR are 
the angular rates of x-axis, y-axis, and z-axis of the 
body, respectively. 

Results. The simulation results for the Yaw-Pitch 
gimbal system under study are presented in Fig. 4, 
where Fig. 4, a shows the simulation results according 
to scenes 1–4 (S1 to S4) based on the input data 
(Tab. 1) for the Azimuth channel. Fig. 4, b displays the 
simulation results according to scenes 1–4 based on 
the input data (Tab. 1) for the Elevation channel. 

Simulation results for the Swing-Roll gimbal 
system are presented in Fig. 5, where Fig. 5, a 
shows the simulation results according to scenes 
1–4 (S1 to S4) based on the input data (Tab. 1) for 
the Swing channel. Fig. 5, b displays the simula-
tion results according to scenes 1–4 based on the 
input data (Tab. 1) for the Roll channel. 

Discussion. The conducted simulations for the 
analyzed four cases of the carrier's rotation, which 
affects the stability and control performance of the 
two types of two-axis gimbals under study, have 
revealed the following. 

1. Under the conditions where the carrier only 
maneuvers along the direction of motion without 
rotating around the x-axis (option 1–3), both gim-
bal systems produce relatively good results. 

2. Under the conditions of the forth scene, 
when the carrier rotates around the x-axis, the 
Yaw-Pitch gimbal system underperforms greatly 
both in terms of overshoot, settling time, and 
steady-state error. These findings are consistent 
with the dynamics of the two types of gimbal sys-
tems synthesized using the mathematical models 
presented above. 

3. When using a Yaw-Pitch gimbal system, the 
selection of some seeker types will require instal-
lation of an additional axis system to stabilize the 
body’s rotation. This, as a result, will produce a 
three-axis gimbal system with a more complicated 
mechanical structure. 

The conducted analysis shows that Swing-Roll 
gimbal systems outperform Yaw-Pitch gimbal sys-
tems in terms of their ability to expand the field of 

Tab. 2. Simulation scenes 

Scene 
Angular rate, deg/s 

Pb Qb Rb 
1 0 0 0 
2 0 1.5 12 
3 0 12 1.5 
4 180 1.5 1.5 

 

Fig. 4. Simulation results for the Yaw-Pitch gimbal system: a – azimuth channel; b – elevation channel 
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Tab. 1. Parameter values of the gimbal system 
Nodes Parameter 

Motor ; 0.85; 0.0135[ ]
1

m
m m

m

K K T s
T S

= =
+

 

Angular rate 
sensor 

2

2 2 ; 0.7; 100 Hz
2

g
g

g gs s

ω
ξ = ω =

+ ξω + ω
 

Moment of 
inertia 

Y

0.0054 0.003 0.002
0.003 0.0025 0.003
0.002 0.003 0.0032

J
− − 

 = − − 
 − 

 

H

0.0024 0.001 0.0005
0.001 0.0012 0.001

0.0005 0.001 0.0018
J

− − 
 = − − 
 − 
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view by eliminating negative cross-disturbance 
effects. However, Swing-Roll systems have the 
disadvantage of large mechanical dimensions due 
to the need to use a slip ring for the Roll axis. This 
increase the amount of calculations necessary to 
transform the coordinate system. 

Conclusion. In this paper, we analyze solu-
tions to the problem of stabilizing and controlling 
the trajectory of a homing head. Mathematical 

models were synthesized for two standard two-
axis gimbal systems – Yaw-Pitch and Swing-
Roll – to investigate cross disturbance effects act-
ing on these systems. Several typical cases were 
simulated for evaluating and comparing disturb-
ance torque effects on the stability and control per-
formance of various gimbal systems. The obtained 
results may serve as a basis for selecting a suitable 
gimbal system for specific practical purposes. 
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