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Abstract 

Introduction. Doppler spectra of signals scattered from the sea surface and received by radar are frequently used in 

oceanology and ecological monitoring applications. Existing Doppler spectrum models are limited in their application 

due to being based on empirical data obtained under changing conditions. The variability of observation conditions 

having a critical influence on microwave scattering by sea surface at low grazing angles is typical for marine radioloca-

tions.  

Objective. The aim of the investigation described in this article was to develop a mathematical model of Doppler 

spectra at low grazing angles for the microwave frequency range. 

Materials and methods. The two-dimensional problem of the scattering of an electromagnetic field on a cylindrical 

deterministic surface is considered. The linear spatial sea spectrum model described by Elfohaily et al. is used to gen-

erate sea surface realisations. A solution to the scattering problem is obtained for the case of vertical polarisation of 

the incident electromagnetic field using an integral equation with the control of the error of the solution. A mathemat-

ical modelling of the Doppler Spectrum of signal scattered by sea surface is carried out using the statistical trial meth-

od. The case where the direction of the observation of the sea surface by radar is perpendicular to the direction of the 

wind is also considered. The electromagnetic field scattered in the direction of the radar receiver is calculated as a 

function of time for each generated sea surface realisation. Further, the set of variables of the implementation of scat-

tered field is calculated for implementation of the Doppler spectrum. 

Results. The set of implementations of the Doppler spectrum provided with its mathematical model consists of de-

terministic and random components. An approximation of each aforesaid component is proposed and mathematical 

expressions for the calculation of value components are presented. The modelling result is analysed. 

Conclusion. The developed mathematical model is proposed for use in the design of an algorithm for sea surface 

condition estimation and pollutant detection using radar-detected signals. 
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МАТЕМАТИЧЕСКАЯ МОДЕЛЬ ДОПЛЕРОВСКОГО СПЕКТРА СИГНАЛА, 

РАССЕЯННОГО МОРСКОЙ ПОВЕРХНОСТЬЮ, ПРИ СКОЛЬЗЯЩИХ УГЛАХ ОБЛУЧЕНИЯ 

Аннотация 

Введение. Доплеровский спектр сигналов, рассеиваемых морской поверхностью и принимаемых 

радиолокатором, используется в различных задачах океанологии и экологического мониторинга. Суще-

ствующие модели доплеровского спектра сигналов имеют ограниченное применение, поскольку получены 

на основе эмпирических данных в меняющихся условиях. Изменчивость условий наблюдения наиболее суще-

ственно влияет на рассеяние радиоволн на морской поверхности при характерном для морской радиоло-

кации скользящем облучении. 

Цель исследования. Разработка математической модели доплеровского спектра сигналов при скользя-

щих углах облучения морской поверхности для сантиметрового диапазона длин волн. 

Материалы и методы. Рассмотрена двумерная задача рассеяния электромагнитного поля на цилиндриче-

ской детерминированной поверхности. Для генерации реализаций морской поверхности использована ли-

нейная модель с пространственным спектром морского волнения Эльфохейли. Получено решение задачи 

рассеяния для случая вертикальной поляризации падающего электромагнитного поля методом инте-

грального уравнения с контролем погрешности расчета. Методом статистических испытаний проведе-

но математическое моделирование доплеровского спектра сигналов, рассеиваемых морской поверхно-

стью. Рассмотрен случай, когда направление облучения морской поверхности радиолокатором перпенди-

кулярно направлению ветра. Для каждой из сгенерированных реализаций морской поверхности рассчита-

но электромагнитное поле, рассеиваемое в направлении на приемник радиолокатора, как функция време-

ни. Далее по совокупности временных реализаций рассеянного поля вычислена реализация доплеровского 

спектра сигналов. 

Результаты. По совокупности реализаций доплеровского спектра получена его математическая модель, 

содержащая детерминированную и случайную составляющие. Предложена аппроксимация каждой из ука-

занных составляющих; приведены математические выражения для их расчета. Приведен анализ резуль-

татов моделирования.  

Заключение. Полученную математическую модель доплеровского спектра предположено использовать 

для разработки алгоритмов оценки по принятым радиолокационным сигналам состояния морской по-

верхности и наличия на ней загрязняющих веществ. 

Ключевые слова: радиолокация; доплеровский спектр сигнала; моделирование; рассеяние радиоволн; 

морская поверхность; скользящий угол облучения 
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Introduction. Microwave radar stations are 

widely used for the remote sensing of a sea surface 

[1]–[4]. Among the advantages of remote ocean 

probing carried out by radar are its all-weather capa-

bility, independence of day- or night-time operation 

and possibility of radar installation on stationary ob-

jects as well as movable carriers. The abovemen-

tioned advantages of radar provide the possibility to 

obtain information about a sea surface in a short time 

period, which is highly important for an operational 

analysis of an ecological situation in investigating 

water aria. 

Doppler spectra of signals (DSS) received by a 

radar are used for determining the investigated charac-

teristics of sea surface (roughness, velocity and direc-

tion of near-water wind) and also for ecological moni-
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toring of the sea surface in the presence of biological 

and non-biological (oil films) pollutants [1]–[5]. 

Radar signal reflection from the sea surface is af-

fected by the velocity and direction of a near-surface 

wind as well as its duration, the length of the wind 

acceleration region, the presence of pollution (e.g. oil 

films) and other local weather conditions [6], [7]. In 

addition, there are complications affecting the calibra-

tion of sea surface reflected signals [6]. 

The theoretical framework for the scattering of 

radio waves by a rough sea surface became the basis 

for the interpretation of experimental results. Within 

the this framework are included both resonant 

(Bragg) and non-resonant scattering [2]–[7]. 

Current empirical microwave mathematical models 

are represented as DSS formulae averaged on a num-

ber of realisations for both downwind and upwind 

illumination directions [5]. However, researchers 

have yet to derive any DSS mathematical models for 

illumination directed perpendicular to the wind direc-

tion for the wavelength of interest. In [4], only par-

ticular DSS realisations for the wind-perpendicular 

illumination direction are presented. 

In order to elaborate algorithms for the inverse 

problem of reconstructing sea surface characteristics 

using received radar signals deflected at low grazing 

angles, averaged data from variety of DSS realisa-

tions is not sufficient. In particular, such an algorithm 

requires a probability model, which allows DSS real-

isations to be generated in accordance with given 

parameters and the accuracy of solution to the scat-

tering problem to be estimated. 

The development of a theoretical approach to sea 

surface diffraction of radio waves at low grazing an-

gles allows the creation of new mathematical DSS 

models for surface areas, whose size is determined 

by spatial radar resolution, along with various wind 

velocity and direction parameters. 

The aim of this paper to develop a mathematical 

DSS model at low grazing angles for the microwave 

frequency range typical of radars utilised for ocean-

ology and ecological monitoring tasks. 

In order to develop the described mathematical 

model, it was deemed necessary to carry out the fol-

lowing steps: 

– select the mathematical model of the rough sea 

surface; 

– choose a method for solving the problem of the 

scattering of radio waves by generated sea surface 

realisations; 

– develop the mathematical model for the scat-

tering of a microwaves at low grazing angles using 

the statistical trial method; 

– process the modelling results and form the math-

ematical model of DSS scattered by the sea surface; 

The mathematical DSS model, which has a practi-

cal application and is hitherto poorly investigated in 

scientific literature, will be formed for cases when the 

sea surface radar illumination direction is perpendicular 

to the direction of the wind. 

Sea surface model. There are variety of models 

for describing the sea surface, including linear and 

nonlinear models that take into account the spatial 

spectra of sea waves [10]–[13]. 

Within the framework of the linear model, the sea 

surface is represented as a sum of spatial harmonics 

whose amplitudes are comprised of independent 

Gauss random values with a dispersion depending on 

the wavenumber of a radial sea wave spectrum. A re-

view of common nonlinear sea surface models is rep-

resented in [9]–[11]. 

The Elfohaily spectrum, which takes the contri-

bution of capillary and gravity-capillary waves into 

account, is adopted as a spatial spectrum of sea 

roughness [12], [13]. 

Since a description of sea wave breaking and 

foam formation processes are rather complicated, we 

will rely on a linear, one-dimensional sea surface 

model due to its simplicity in realisation and correct-

ness for low wind speeds. Mathematical expressions 

sufficient for the generation of sea surface realisa-

tions can be found in [9]–[11]. 

Solving the scattering problem. In order to 

form the mathematical DSS model from a rough sea 

surface at low grazing angles, it is necessary to ob-

tain information concerning the field scattered to-

ward a radar by solving the problem of the diffrac-

tion of radio waves on the sea surface. 

Previously, the so-called two-scale model, within 

the frames of which the scattered field consists of two 

components, was used to obtain the signal characteris-

tics [14]–[16]. The first component, which corre-

sponds to scattering from a significant roughness of a 

sea surface (gravity waves), is defined by the Kirch-

hoff method. The second component, which can be 

defined by the perturbation method, corresponds to 

scattering from small-scale roughness (ripples). How-

ever, the results obtained using two-scale model at low 

grazing angles differ from those obtained experimen-

tally. Moreover, the obtained results were not evaluat-

ed in terms of their accuracy. 
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The integral equation method (IEM), which is an 

effective tool for the theoretical investigation of dif-

fraction problems, as well as having validity for ob-

taining numerical algorithms for solving a broad class 

of similar problems, is widely used for overcoming of 

mentioned difficulties due to intense development of a 

computer hardware [13]–[15]. In addition, the above-

mentioned method comprises a rigorous numerical 

method for solving the diffraction problem obtaining 

solutions that fulfil the Maxwell equations. IEM is 

also suitable for use at low grazing angles. Within the 

framework of this method, the following integral 

equations are distinguished [17]–[19]: 

  
 

 inc ,  ;

S

r
r G r r dS

n


 


E

E  (1) 

      
 

inc
,  

2 2 ,

S

G r r
r r r dS

n


  

H H H  (2) 

where  
inc ,rE   

inc rH  are the intensities of inci-

dent electric and magnetic fields, respectively;  ,rE  

 rH  are the intensities of total electric and magnetic 

fields on surface S, respectively;  ,  G r r  is the 

Green function; n  is the external normal of surface S; 

r is the point of view; r  is the integration point. 

 Let’s consider the two-dimensional problem of 

electromagnetic field scattering from a deterministic 

rough cylinder surface S. It is typical of marine radar 

at grazing angles that the longitudinal dimension of 

the illuminated area of a sea surface, which is suffi-

cient for radio waves scattering, far exceeds the 

transverse dimension. Therefore, a two-dimensional 

approximation of the solution is adequate. 

Surface roughness types and geometrical proper-

ties characterising the problem are shown in Figure 1. 

The source and receiver of electromagnetic waves are 

positioned at point A. The incident electromagnetic 

wave is characterised by electric field intensity inc ,E  

magnetic field inc ,H  and wave vector inc;K  the scat-

tered wave is characterised by the intensity of electric 

field sc ,E  magnetic field sc ,H and wave vector sc.K  

The OZ-axis of the coordinate system is perpendicular 

to the incidence plane of the electromagnetic wave. 

Sea surface is illuminated at angle inc ,  while the 

scattering angle of electromagnetic energy is sc *. 

A vertical incident field polarisation was chosen 

since the performance of radar having this type of po-

                                                        
* It is customary to measure the illumination angle from the un-roughed 

sea surface and the scattering angle from the normal surface. 

larisation provides a higher radar sea surface cross-

section value at low grazing angles compared with 

horizontal polarisation. Moreover, this type of polari-

sation is used more frequently in marine radars used to 

carry out oceanic investigations [16]. 

The integral equation should be transformed into 

system of linear equations (SLQ) having unknown vari-

ables, which comprise the expansion coefficients of the 

solution having the selected basis function [17]–[18]. 

The generated sea surface realisation is divided 

into N plots. A step function is used to represent the 

desired solution (surface current density) inside each 

plot. The utilisation of this function allows the sim-

plest numerical algorithm to be obtained [17]–[18]. 

In the present paper, the integral equation (2) is 

used for solving the scattering problem; an analogous 

solution could be obtained using equation (1). 

Let us assume that the result of SLQ solutions is rep-

resented by N unknown coefficients of desired solution 

expansion. We can rewrite SLQ in matrix form [17]–[19]: 

 1inc ,A J H  (3) 

where A is the N-by-N impedance matrix; J is the 

column-vector of the surface current density consist-

ing of N elements; 1incH  is the column-vector of 

incident field magnitude consisting of N elements. 

The elements of the impedance matrix for verti-

cal polarisation were calculated according to the 

formulae [17], [20]: 
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 (4) 

 

Fig. 1. Geometrical characteristics of a rough surface 
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where m is the point of view index, n is the integra-

tion point index  ,  1,  m n N *; i is the imaginary 

unit; k is the wave number; x  is the single-plot sea 

surface length; 
 1
1

H  is the first-kind, first-order 

Hankel function;  

      
2 2

;mn m n m nR y x y x x x       (5) 

,y  y  are the first and the second derivatives of the x-

coordinate with respect to the y-coordinate, respectively; 

    
2

1 .y m ml x y x      (6) 

Virtual resistive insets representing plane surface 

sections of given length rL  with variable resistance 

 0R x  are placed at the boundaries of the considered 

surface plots [19]. 

   4
0

0

0,  2;

0.5
,  2 2 ,

t

t t r
r

x L

R x L x
Z L x L L

L

 


    
   

 

 (7) 

where 0 120Z    is the wave impedance; tL
 
is the 

length of the generated sea surface plot; t rL L L   

is the combined length of the sea surface plot; rL  is 

the length of the resistive inset. 

Diagonal elements of impedance matrix A corre-

sponding to the vertically-polarised intrinsic field are 

calculated using formulae, which takes into account 

the resistive inset [19]–[20]: 
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   

0
1

,  
2 4

2
1 ln .

4 4
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m
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y m y m

xy x
A m m R x

l

k xl x k xl xi


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

   
   

   

 

(8)

 

The straightforward calculation of the far zone 

components of the surface-scattered electromagnetic 

field was carried out using the well-known formulae 

[18], [21]. 

The joint tolerance of all calculations during ob-

taining of the sea surface field was estimated using 

the energy conservation law. According to this law, 

the power of incident field incP  must be equal to the 

                                                        
* Point of view is a point on the sea surface where the surface current 

density is calculated. Point of integration is a point on the sea sur-

face whose electromagnetic field contributes to surface current den-
sity at the point of view. 

power of scattered field scP  with respect to the part 

of power absorbed by the resistive inset ins :P  

 inc sc ins.P P P   (9) 

The power of incident field was calculated using 

the formula [18], [21]: 

 2
inc 0 0 incsin ,P Z H   (10) 

where 0H  is the amplitude of incident field intensity. 

The power of the field scattered by the sea sur-

face was calculated by the formula [21]: 

  
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sc sc sc

2

,
8 2

Zk
P W d




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and  J x  is the surface current density calculated 

according to (3). 

The power absorbed by resistive insets was cal-

culated by formula: 

  
2

2
ins 0 inc 0

2

sin .

L

L

P H R x dx





    (13) 

Finally, joint tolerance of all calculations during 

scattering was estimated by [21]: 

 sc ins

inc

1 .
P P

P

 
    

 
 (14) 

Mathematical modelling of DSS. Modelling of 

the DSS was carried out in three steps using the 

MATLAB software. 

First, time realisations of the sea surface plots of 

given length (520 realisations in total separated by 

the time interval t  for the constant value of root-

mean-square (RMS) deviation of the sea surface y-

coordinate y  were generated. 
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The DSS modelling was carried out for two values 

of the root-mean-square deviation of the sea surface y-

coordinate for comparison and further analysis. Table 1 

lists the parameters used for the generation. Fig. 2* de-

picts an example of the realisation procedure. 

                                                        
* The origin of coordinate system was placed in the middle of illumi-

nated section of unroughed sea surface. 

Second, the time dependencies of electromagnet-

ic field scattered toward the radar for all sea surface 

realisations was calculated in accordance to the for-

mulae (2)–(14) using IEM. Herein, the wind direc-

tion determining sea wave propagation was assumed 

to be perpendicular to the sea surface illumination 

direction. The error of the scattering problem solu-

tion did not exceed 25% on average. 

During the third step of modelling, the depend-

ence of the DSS on power at the sea surface was car-

ried out in according to the formula [11]: 

 

   
a

D inc sc
2

inc sc D
a 0

,  ,  

1
,  ,  exp 2 ,

T

S f

u t j f t dt
T

  

    
 

where aT  is the analysis interval duration, u is the field 

scattered by the sea surface in the radar receiving point; 

Df  is the Doppler frequency shift; t is time. 

The 7 s duration of the signal analysis interval 

for the DSS calculation was sufficient to achieve the 

necessary resolution of the Doppler frequency. The 

operations were repeated 100 times according to the 

described steps in order to obtain the necessary quan-

tity of DSS realisations. Then the obtained data was 

processed to form the DSS numerical model and to 

make further analysis. 

Table 1. Parameters for generating of the sea surface model 

Parameter Value 

Wavelength of incident field, m 0.03 

Length of sea surface plot, m 10 

Sea surface illumination angle, S ,  ...  2 

Length of single section of sea surface ,  mx  0.01 

Root-mean-square (RMS) deviation of sea 

surface y-coordinate, ,  my  
0.025; 

0.1 

Time interval betweensea surface realisations, 

,  st  
0.0135 

Duration of analysis interval, ,  aT s 7 

 

 

Fig. 2. An example of the implementation of the sea surface plot 

y, m 

x, m 0 

– 0.125 

– 0.25 

0.125 

2.5 – 2.5 – 5 

0.1 my   

 

b 

Fig. 3. Deterministic component of the Doppler signal spectrum (а); the fragment (b) 
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Calculations were carried out using a personal 

computer running Windows 7 OS having an Intel Core 

i5 2430M (2×2.4 GHz) processor and 4 GB of onboard 

RAM. On average, the DSS calculation of the single 

sea surface realisation took 12 s. The entire modelling 

and DSS calculation process took eight days. 

During further analysis DSS was considered as 

an additive mixture of deterministic  DS f  and ran-

dom S  components: 

   D D .S f S f S    

Fig. 3, a demonstrates deterministic component  

of DSS for different RMS deviations of the sea sur-

face y-coordinates. Fig. 3, b shows scaled-up frag-

ments of these DSS. 

In analysing Fig. 3, a, attention should be paid to 

two main maxima or so called “Bragg lines” caused 

by resonant scattering of radio waves incident onto 

the sea surface and corresponding to incoming and 

outgoing sea waves. Two additional peaks should 

also be noted in the area of the main peak; these are 

caused by the resonant and nonresonant scattering 

mechanism. 

Next, in order to simplify subsequent analysis, we 

will consider only the part of DSS that corresponds to 

positive frequencies (Fig. 3, b); the negative frequency 

analysis method is the same. The Bragg line frequency 

positions, as well as width and other parameters are 

displayed in the Table 2. 

The frequency position of the main maximum of the 

deterministic DSS component is calculated by formula [2]: 

   3
D max w w w w 2 ,f gK K      (15) 

where 29.81 m sg   is the gravity constant; 

w w2K     is the wave number of the sea wave; 

3
w 74.3 10  N m    is the surface-tension on the 

air-sea interface; 3 3
w 10  kg m   is the density of 

the sea water, and 

  w inc2cos     (16) 

is the length of sea wave that produces the main 

maximum of the deterministic DSS component; λ is 

the length of the incident radio wave. 

Calculations carried out using the formulae (15) and 

(16) are used to fix the frequency values of the main peak 

of the deterministic DSS component (see Table 2). 

Considering the character of the deterministic DSS 

components as a frequency function (one main maxi-

mum, two additional maxima and two sections along 

the edges), it is proposed to split them into five 

nonoverlapping frequency intervals and carry out inde-

pendent approximations of each of them: 

   
5

D D

1

,m

m

S f F f



   

where 

 

 

1
, 1, 0, 

1, 2, 

1, 2, 

,

,  ; 

0,  ,  .

P P
m P m P m m

m m

m m m

F f a f a f a

f f f f

F f f f f f




    


 
   

K

 

Table 3. Simulation options for 0.025 my   

Parameter 

0.025 my   

m 

1 2 3 4 5 

P 4 3 3 3 4 

1, ,  Hzmf  0 13.9 15.3 16 17.3 

2, ,  Hzmf  13.9 15.3 16 17.3 37 

4, ma  32.7 10  0 0 0 54.2 10   

3, ma  355.2 10   2.753 226.75 1.045 32.4 10  

2, ma  0.336 –129.22 41.08 10   –62.6 0.041 

1, ma  –0.921 32.01 10  51.7 10  31.22 10  –5.504 

0, ma  –39.386 41.04 10   58.95 10   37.73 10   41.16 

Table 2. Parameters of the characteristic elements for the 

region of the positive frequencies of the Doppler spectr 

DSS parameter 
,  my  

0.025 0.1 

Main maximum frequency max ,f Hz 15.6 15.6 

Width of the main maximum, Hz 0.40 0.45 

Relative amplitude of the main 

maximum, dB –19.2 –4.27 

Frequency of the left additional 

maximum, Hz 14.6 15.0 

Frequency of the right additional 

maximum, Hz 16.6 16.2 

Relative amplitude of the left 

additional maximum, dB –28.6 –10.4 

Relative amplitude of the right 

additional maximum, dB –27.6 –10.5 
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The values of , ,P ma  1, ,mf  2, ,mf  P are shown 

in Tables 3 and 4. 

The average error of deterministic DSS compo-

nent approximation was 0.13% for RMS deviation of 

the sea surface, the y-coordinate is equal to 0.025 m 

and 0.17% for RMS deviation equals 0.1 m. 

The random DSS component was determined using 

the statistic model, taking the form of a random station-

ary process with zero mathematical expectation and 

given correlation function (CF) and RMS deviation. By  

analysing the modelling data using the Pearson criteri-

on, it was shown that random component of DSS is 

equal to 5.6 dB for 0.025 my   and 6.05 dB for 

0.1 m.y   

The normalised CF of the random DSS compo-

nent  n DR f  is shown in Fig. 4. The correlation 

interval of the random DSS component for 

0.025 my   was equal to 0.59 Hz, while for 

0.1 my   it was equal to 3.85 Hz. Correlation in-

terval values are expressed in frequency units be-

cause calculated value, the random DSS component 

depends on it. 

Conclusion. The mathematical model of DSS of 

microwave range radio waves with vertical polarisation 

including deterministic and random DSS components 

for the illumination direction perpendicular to wind 

action was elaborated. Mathematical expressions for 

these components for two different RMS deviations of 

sea surface y-coordinates which corresponding to low 

sea force is obtained.  

 The following conclusions could be made during 

analysis of obtained results for fixed grazing angle and 

increasing RMS deviation of the sea surface y-

coordinate: 

1. The frequency position of the main maximum 

stays constant. This conclusion is approved by the theo-

retical calculations. 

2. Width of the main maximum of deterministic 

DSS component (on –3 dB level), which includes in-

formation about the wind influence on the sea surface 

increases. Increase of the wind speed above the sea sur-

face leads to increase of the RMS deviation of the sea 

surface y-components. 

3. Relative amplitude of main and additional max-

imums of the deterministic DSS components increas-

es. The sea surface becomes rougher and the coeffi-

cients of radar directed backscattering increases. 

4. Difference of relative amplitudes of main and 

additional DSS maximums decreases. This effect is 

caused by an increase in the quantity of the sea sur-

face plots that perform nonresonant scattering due to 

Table 4. Simulation options for 0.1 my   

Parameter 

0.1 my   

m 

1 2 3 4 5 

P 4 3 3 3 4 

1, ,  Hzmf  0 14.3 15.3 16 17.3 

2, ,  Hzmf  14.3 15.3 16 17.3 37 

4, ma  48.79 10  0 0 0 43.9 10   

3, ma  317 10   –1.04 236.84 5.467 336.7 10  

2, ma  0.19 31.37 10  41.11 10  –276.45 –1.16 

1, ma  –0.634 42.02 10   51.76 10  34.65 10  12.1 

0, ma  –31.22 49.92 10  59.23 10   42.61 10   –33.85 

 

Fig. 4. The normalized correlation function of the random component of the Doppler signal spectrum 
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an increase in sea roughness. 

Therefore, the developed mathematical model ac-

counts for the physical effects of interaction between 

radio waves and a rough sea surface typical of low 

grazing angles. This model could be used for generat-

ing the input data for the design of radar echo-signal 

processing algorithms used for solving oceanological 

problems and ecological monitoring. 
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