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DESIGN OF BAND FILTERS WITH NON-EQUIRIPPLE AMPLITUDE-FREQUENCY RESPONSES 

Abstract. 

Introduction. The calculation of band filter elements by converting low-pass filter (LPF) parameters forms the basis 

for prototype band filter design. However, the conversion causes problems in cases when the calculated values of cir-

cuit elements (resistors and capacitors) do not conform to standard values determined by the GOST standard. Obvi-

ously, frequency characteristics of band- filters are distorted when replacing the calculated values of circuit elements 

by the standard values. To solve this problem, the number of circuit elements with values diverting from the standard 

can be reduced to zero by solving an additional system of equations that connects parameters of designed and newly-

introduced non-equiripple amplitude-frequency responses (AFR). 

Objective. The objective of this work is to develop a method for calculating band ladder filters having circuit element 

values corresponding to the published standard. 

Materials and methods. The filter design process includes two stages. The first of these is to perform a calculation of 

the prototype polynomial LPF parameters. The calculated parameters are determined as the solution to a system of 

equations. The equations are formed by equating coefficients at the same powers of variable in expressions of realis-

able transfer function (TF) and designed filter TF. Initial characteristics are the filter order and frequency response 

unevenness. A transition to the standard values of circuit elements can be achieved when solving another system of 

equations that connects LPF converted parameters with unknown parameters of the introduced non-equiripple AFR. 

Results. TFs of LPF prototypes up to the fifth order and AFRs of band-pass filters (BPF) and band-rejection filters up to 

the tenth order are presented. Analytical expressions of non-equiripple and equiripple ARF are used to estimate distor-

tions of the latter when a BPF centre frequency is tuned by using variable inductors or capacitors. The integral quad-

ratic function of a variable is taken as a measure of real frequency response distortions. The tenth order BPF calcula-

tion example is given.  

Conclusion. The presented band filter calculation methods and provided example demonstrate the feasibility of a filter de-

sign method based on the solution of non-linear equation systems. In contrast to approximation methods of ideal filter fre-

quency response using special functions and tabular filters design, the presented method supports high-order filter calcula-

tion for any initial requirements without using reference data. 
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СИНТЕЗ ПОЛОСНЫХ ФИЛЬТРОВ С НЕРАВНОВОЛНОВЫМИ 

АМПЛИТУДНО-ЧАСТОТНЫМИ ХАРАКТЕРИСТИКАМИ 

Аннотация. 

Введение. При расчете полосных фильтров элементы цепи могут быть определены посредством 

преобразования параметров фильтра нижних частот (ФНЧ), являющегося прототипом синтезируемого 

фильтра. Проблема может возникнуть в случае, если в результате преобразования номиналы синтезированных 

элементов (резисторов и конденсаторов) выпадают из шкал значений, определенных межгосударственным 

стандартом. Очевидно, что при замене расчетных значений стандартными частотные характеристики по-

лосных фильтров искажаются. Число компонентов, расчетные номиналы которых не соответствуют стан-

дартному ряду, может быть сведено к нулю решением дополнительной системы уравнений, связывающей пара-

метры синтезированной и вновь вводимой неравноволновой амплитудно-частотных характеристик (АЧХ). 

Цель работы. Разработка методики расчета полосных фильтров лестничной структуры с элементами, 

соответствующими стандартным значениям. 

Материалы и методы. Процесс синтеза включает 2 этапа. На первом этапе рассчитываются парамет-

ры полиномиального ФНЧ-прототипа. Расчетные параметры определяются в результате решения си-

стемы уравнений, образованных приравниванием коэффициентов при одинаковых степенях переменной в 

выражениях реализуемой передаточной функции (ПФ) и ПФ синтезируемого фильтра. Исходными характе-

ристиками являются порядок фильтра и неравномерность передачи цепи. Переход к номинальным значе-

ниям всех элементов выполнен при решении еще одной системы уравнений, связывающих преобразованные 

параметры ФНЧ с неизвестными (искомыми) параметрами вновь вводимой неравноволновой АЧХ. 

Результаты. Представлены ПФ ФНЧ-прототипов до пятого порядка и АЧХ полосно-пропускающих фильтров 

(ППФ) и полосно-заграждающих фильтров до десятого порядка. Аналитические выражения неравноволновой и 

равноволновой АЧХ применены для оценки искажений последней при изменении центральной частоты 

настройки полосных фильтров с помощью переменных индуктивностей или конденсаторов. В качестве меры 

искажений реальной частотной характеристики принята интегральная квадратичная функция переменной 

величины. Приведен пример расчета ППФ десятого порядка. 

Заключение. Представленные методики расчета полосных фильтров и приведенный пример наглядно де-

монстрируют возможности метода синтеза фильтров, основанного на решении систем нелинейных урав-

нений. В отличие от методов аппроксимации идеальной характеристики фильтра в частотной области с 

помощью специальных функций и табличного проектирования фильтров рассмотренный метод позволяет 

рассчитать фильтр высокого порядка для любых исходных требований, не прибегая к справочным данным. 

Ключевые слова: передаточная функция, фильтр нижних частот, преобразование частоты, полосно-

пропускающий фильтр, полосно-заграждающий фильтр, перестраиваемый фильтр 
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Introduction. It is known [1]–[3] that a band-

pass filter (BPF) or band-rejection filter (BRF) de-

sign can be reduced to a low-pass filter (LPF) design 

with certain parameters. The latter task is solved by 

various methods (e.g. [4], [5]). To design a LPF with 

a filter order higher than two given cutoff frequency 

values and resistive elements at input and output of a 

quadrupole, a design method based on tabular pa-

rameters of so-called normalised filters is widely 

used [6], [7]. In [8], a method for determining circuit 

parameters based on solving a system of non-linear 

equations is investigated in detail. The equations are 

formed by equating coefficients at the same powers 

of variable in expressions of realisable transfer function 
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(TF) and designed filter TF. The conversion of LPF 

parameters, consisting in a designed band-pass filter 

prototype, is carried out using a frequency conversion 

method. The essence of the method is the copying of 

electric circuit characteristics at a certain scale over an 

entire axis of a variable ω into a positive semi-axis of a 

new variable   with corresponding circuit and LPF 

parameter changes. The conversion causes problems if 

the calculated of circuit element (resistors and capaci-

tors) values are at variance with the standard values 

(with series designations E6, E12, E24, etc.) determined 

by the GOST standard [9]. Obviously, the frequency 

characteristics of band filters are distorted when replac-

ing the calculated values of circuit elements by the 

standard ones. However, the number of circuit elements 

with values different from standard can be reduced to 

zero by solving an additional system of equations that 

connects parameters of designed and newly introduced 

non-equiripple amplitude-frequency responses – here-

inafter referred to as frequency response. 

The objective of the present work is to develop a 

calculation method of band-pass ladder filters with 

circuit element values corresponding to standard 

ones (hereinafter referred to as standard elements). 

Fig. 1, 2 show LPF schematic diagrams com-

posed of Г-, T- and Π-sections. Symbols on the 

schematic diagrams are as follows: in ,U and outU  

are complex amplitudes of input and output voltages, 

respectively; r is the active resistance, including the 

internal resistance of the source; ,iC  ,kL  ,  1,  i k n  

are capacitance and inductance in transverse and longi-

tudinal branches, respectively (n is a filter order); R is 

the load resistance, and aK  is the amplifier gain. 

In general, the TF of a filter is 

 
     out in ,nH p U p U p  .p j   

In schematic diagrams (Fig. 1, 2) TFs of filters are 

rational functions of a variable ,s j   where the nu-

merator is a constant value, while the denominator is a 

polynomial of degree n (polynomial LPF). Dividing the 

rational function numerator and denominator over c ,n  

where c  is an angular cutoff frequency, allows an ex-

pression of 
 

 N
nH s  to be obtained as a function of a 

normalised imaginary frequency N c N.s j j      

Calculation methods of band-pass filters. The 

conversion of LPF to BPF with a centre frequency 

0 с   is carried out by a variable replacement [2]: 

  N N N1 ,s s s    (1) 

where Θ is a positive number; N Ns j    is an imag-

inary part of the converted normalised complex fre-

quency, where N 0     is an angular frequency, 

which is normalised relative to the centre frequency 

0.  Values of the variable N ,  which correspond to 

the normalised frequency value N ,  are defined as 

equation roots 

 2
N N N 1 0 :         

   2 2
N1,2 N N N1 4 2 ; 0.       m  

The geometric mean of frequencies N1,2  gives a 

normalised centre frequency of BPF: N1 N2 1.     

The frequency difference is N2 N1 N ,      thus 

 N N2 N1 .       If N 1  , then Θ is defined 

as a reciprocal of the difference between the normalised 

BPF frequencies obtained by converting the LPF cutoff 

frequency. Thus, Θ is a BPF selectivity factor. 

BPF frequency response values 
 

 2
NBP

nH   at 

points N1,2  are equal to the LPF prototype fre-

quency response values 
 

 N
nH   at the corre-

sponding point N .  For example, BPF frequency 

response values when converting from a Chebyshev 

LPF 
 

 2
NBP C

nH   at corner frequencies 

   2
N cf 1 1 4 1 2    m  are equal to 

21 1 ,   where ε is a constant value, and only with 

1,   which corresponds to 3 dB frequency re-

sponse, unevenness 
 

 2
N cfBP C

1 2.nH    

 

r 

inU  

1C
R 

3C
aK

outU  

2L 4L

5C

Fig. 1. Schematic diagram of LPF  

with the capacitor in the transverse branch at the input 

 
r 

inU  R 

2C  
aK  

outU  

1L  3L  

4C  

5L  

Fig. 2. Schematic diagram of LPF with the inductor  

in the longitudinal branch at the input 
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If 
   1 1 2 ,nH   then 

 

 

2
BP 2

2
BP 2

1 1
1

24

1 1 1
1 ,

2 24

n

n

H

H

 
     

 
      

 

and  N2 N11       in the case of the BPF qual-

ity factor Q, which is defined as a reciprocal of a 

normalised BPF bandwidth at a frequency response 

level of 1 2.  

Conversion to angular frequencies transforms 

equation (1) into the following expression: 

 
0с 0

1 .j j j
    

       
 (2) 

Multiplying both left and right sides of the equa-

tion (2) by 0C  gives: 

  2
0 .j С j С С j       (3) 

Terms С  and  1 L  are capacitive and in-

ductive conductivities, respectively; thus, from  

equation (3) it follows that when conversion (1) takes 

place, then capacitance С is replaced by a parallel 

resonant circuit with parameters prС С    

and  2
pr 01 .L С    Replacement of C with L  

in equation (3) confirms that when conversion to  

BPF takes place, then inductance L is replaced by a 

series resonant circuit with parameters sr ,L L  

 2
sr 01 .C L    The obtained circuits are tuned to a 

frequency of 0.  The resistor values r and R and 

amplifier gain aK  remain unchanged. 

Fig. 3, 4 show schematic diagrams of the 2nth-

order BPF with elements pr ,iС  pr ,iL  sr ,kС  sr ,kL  

,  1,  ,i k n  obtained by Fig. 1, 2 sections conver-

sions, respectively. 

Considering conversions performed, LPF proto-

type capacitances and inductances are connected 

with BPF circuit capacitances as follows: 

pr ;i iС С    2
0 sr1 .k kL C    

Table 1 shows the TF of LPF prototypes of BPF with 

1,  5n   filter orders with the capacitor in the trans-

verse branch at the input (Fig. 1) 
 

 Nb 
n
C

H s  and with 

the inductor in the longitudinal branch at the input 

(Fig. 2) 
 

 Nb 
n
L

H s  having elements pr ,iС  sr ,kС  and 

the parameter Θ as coefficients of the variable N .s  To 

express the TF of LPF by means of the circuit ele-

ments shown in Fig. 1, 2, it is necessary to use sub-

stitutions pr ,i iC C    2
sr 01 ω ,k kC L   replacing 

0ω  by сω .  

 

Fig 4. Schematic diagram of the 2nth-order BPF with the series resonant circuit in the longitudinal branch at the input 

r 

inU  

sr1L  
sr1C  

pr2L  

sr3L  
sr3C  

R aK  
outU  pr4L  

pr4C  

sr5L  
sr5C  

pr2C  

 

Fig 3. Schematic diagram of the 2nth-order BPF with the parallel resonant circuit in the transverse branch at the input 

r 

inU  pr1L  

pr1C  

sr2L  
sr2C  

pr3L  

pr3C  

sr4L  
sr4C  

R aK  
outU  pr5L  

pr5C  
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Table 1. Transfer functions of LPF prototypes of BPF 

1n   

 
 

 1 a
b N N

0 pr1 0 pr1

;C

K r R
H s s

rC rC R

   
    

 
 

   1
b N a 0 sr1 N 0 sr1LH s K RC s r R C         

2n   

 
 

 
22
0 pr1 sr22 2 2a sr2 sr2

b N N N
pr1 0 pr1 pr1

1
;C

rC RCK RC r R C
H s s s

rC rC rC

   
     

  

 

 
 

 
22
0 sr1 pr22 2 2a sr1 sr1

 N N N
pr2 0 pr2 pr2

1
b L

rC RCK C r R C
H s s s

C RC RC

   
     

  

 

3n   

 
 

 

   

3
a sr2 0 pr1 pr33

b N 2
0 pr1 pr3 sr2pr1 pr33 2 2 3sr2

N N N2
0 pr1 pr3 0 pr1 pr30 pr1 pr3

;
1

C

K C rC C
H s

r C C RCrC RC r R C
s s s

rC RC rC RCrC RC

 


  
     
 

 

 
 

 
   

3
a 0 sr1 sr3 pr23

b N 2
sr1 sr3 0 sr1 pr23 2 2 30 sr1 sr3

N 0 sr1 sr3 N N
pr2 pr2

1
L

K RC C C
H s

C C rC RC r R C C
s rC RC s s

C C

 


   
      

 

4n   

 
   

 4 4 4
b N a sr2 sr4 pr1 pr3 b ,C CH s K RC C rC C   

 
 

where 

     

   

2
pr1 pr3 sr2 pr1 pr3 sr40 pr1 sr44 4 3 2 2

b N N N
0 pr1 pr1 pr3

2
sr2 sr4 0 pr1 pr3 sr2 sr4 3 4sr2 sr4

N
0 pr1 pr3 pr1 pr3

1

;

C

r C C C rC RC CrC RC
s s s

rC rC C

C C r C C RC C r R C C
s

rC C rC C

   
      



    
   



 

 
   

 4 4 4
b N a sr1 sr3 pr2 pr4 b ,L LH s K C C C C   

 
 

where 

     

   

2
0 sr1 pr4 sr1 sr3 pr2 sr1 sr3 pr44 4 3 2 2

b N N N
0 pr4 pr2 pr4

2
sr1 sr3 0 sr1 pr2 pr4 sr3 3 4sr1 sr3

N
0 pr2 pr4 pr2 pr4

1
L

rC RC rC RC C R C C C
s s s

RC RC C

C C rC R C C C r R C C
s

RC C RC C

    
      



    
   



 

5n   

 
   

 5 5 5
b N a sr2 sr4 0 pr1 pr3 pr5 b ,C CH s K C C rC C C    

 
 

where 

 

      

pr1 pr5 pr1 sr4 sr2 pr55 5 4 2 3sr2 sr4
b N N N2

0 pr1 pr5 pr1 pr5 pr3 0 pr1 pr5

2
pr1 pr5 sr2 sr4 sr2 sr4 pr3 sr2 sr4 0 pr1 pr3 pr5 sr2 s3 2

N
0 pr1 pr3 pr5

1
C

rC RC C C C C C C
s s s

rC RC C C C rC RC

rC RC C C rC RC C C C r C C C RC C
s

rC RC C

  
         

   

        
  



 

r4 4
N2

0 pr1 pr3 pr5

5sr2 sr4

0 pr1 pr3 pr5

;

s
rC RC C

r R C C

rC RC C

 



 


 
   

 5 5 5
b N a 0 sr1 sr3 sr5 pr2 pr4 b ,L LH s K RC C C C C    

 
 

where 

 
 5 5 4 2 2 3sr1 sr3 sr3 sr5

b N 0 sr1 sr5 N 0 sr1 sr5 N
pr2 pr4

L

C C C C
s rC RC s rC RC s

C C

  
          

 
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The designed TF of the nth-order LPF with an equir-

ipple frequency response in the bandwidth is defined as *: 

 
 

   1
N N 1 N 1 N 0LP ,n n n

nH s K s b s b s b
      (4) 

where coefficients ,K  ib  are real positive numbers. 

The frequency response of the polynomial LPF with 

coefficients ,K  ib  evenly approximates the ideal 

frequency response in the passband and monotonical-

ly decreases in the stopband. The methodology and 

calculations examples of the coefficients ,K  1,nb   

2 ,nb   …, 0 ,b  as well as frequencies of the frequency 

response extrema Nω ,i  2,  i n  for various n and  , 

are given in [10]. The boundary condition imposed on 

the frequency response is 
   
LP 1 1 2.nH   By equating 

numerators and coefficients of variables raised to the 

same powers 1
N ,ns   2

N ,ns   ..., 0
Ns  in denominators of 

the converted TF 
 

 N
nH s  (Table 1) and 

 
 NLP

nH s  

(4), the system of 1n   equations is obtained, which 

allows the parameters of the BPF a ,K  r, pr ,iC  sr ,kC  R 

to be determined with the given frequency response une-

venness   and quality factor Q. The total number of un-

knowns is 3,n   with n + 2 standard elements (resistors 

and capacitors); thus, the nominal values of the two ele-

ments are set arbitrarily from the selected series. 

Table 1 shows that if N 0,s   then the TF value of 

the LPF prototype – and, consequently, the value of its 

frequency response at zero frequency – is defined as: 

 
     

a0 .nH K R r R   (5) 

On the other side, 
    0LP 0nH K b  [see (4)], hence 

   a 0 .K K r R b R   This can be used as means of 

verifying the solution to the system of equations. 

The transition to the standard values of other el-

ements can be done when solving another system of 

equations that connects LPF converted parameters 

with unknown parameters of newly introduced non-

                                                        
* The sign "~" indicates that the parameter belongs to the equiripple 

frequency response. 

equiripple frequency response 
 

 N
nH  ** with q 

extrema, where q can take one of the possible integer 

values over the section 1 .q n   

The unevennesses of 
 

 N
nH   at the extrema 

Nω ,i  1,  ,i q  can be defined as: 

 
 

 N20lg .n
i iH    (6) 

Since N1ω 0,  taking into account (5), 

     
alg 0 lg .nH K R r R      

The introduced definition of the frequency response 

unevenness differs from the definition of the equiripple 

frequency response unevenness that is given in [10]: 

        20 lg 0 2 0 ,n nH H      

which characterises the equiripple frequency re-

sponse at the section. 

The system of 2 1q   equations used to find the 

2n   standard elements of BPF, corrected amplifier 

gain aK  and 2q  parameters of non-equiripple fre-

quency response 
 

 Nω :nH  ,i  N2ω ,  N3ω ,  ..., 

Nω ,q  Q  is defined as: 

 

 

 
 

   

 
 

 
 

 
 

a 1

N

N N
1 2

N N NLP
a0

20lg δ ;

20lg ω δ ,  2,  ;

1 1 2 ;

ω ω 0,  2,  ;

ω ω ω 0,

n
i i

n

n
i i

n n

K R r R

H i q

H

dH d i q

H H d
K

     


 





 


      



 (7) 

where 
 

 NLP ωnH  is the frequency response of the 

polynomial nth-order LPF. For 1n   

 
 

 1 2 2
N N 0LP ω ω ;H K b   (8) 

for 2n   

                                                        
** The sign ͡  indicates that the parameter belongs to the non-

equiripple frequency response. 

End of the table 1 

 
 

     

pr2 pr4 sr3 3 2
0 sr1 sr5 sr1 sr5 N

pr4 pr2 pr2 pr4

2
sr1 sr3 sr5 sr3 sr5 0 sr1 pr2 pr4 4 50 sr1 sr3 sr5

N
pr2 pr4 pr2 pr4

1

C C Cr R
C C rC RC s

C C C C

C C C C C rC R C C r R C C C
s

C C C C

   
        

   

           
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 

 NLP ω ,nH K P  (9) 

where for even n 

 
 

 

2
2 1 2

2
2N 2 N

0

2
2

2 1
2 2 1 N

1

ω 1 ω

1 ω ;

n n
j jn

j

j

n n
j j

j

j

P b

b

 




 




 
    
 
 

 
  
 
 





 

and for odd 3n   

 
 

 
 

2
1 2 1

2 1
2N 2 1 N

1

2
1 2 1

2
2 2 N

0

1

1 ω .

n n
j jn

j

j

n n
j j

j

j

P b

b

 
 





 




 
      
 
 

 
  
 
 





 

Frequency response 
 

 NωnH  (see (7)) is de-

termined by 
 

 NLP ωnH  (8), (9) with replacement of 

K  by an expression of the TF numerator of LPF pro-

totypes 
 

 Nb 
n
C

H s  or 
 

 Nb 
n
L

H s  (see Table 1). The 

coefficients 2 ,jb  2 1jb   in the expressions of P  are 

substituted by the coefficients of the variables 
2
N ,

j
s  

2 1
N

j
s


 in the denominators of the same equations. 

It should be noted that the introduced definition of 

the frequency response unevennesses 
 

 Nωn
iH  (6) 

as the frequency response values in decibels at the ex-

treme points does not guarantee the passband ripple os-

cillations around the unit value. This can be seen from 

equation (6) expressed as: 
 

 N20lg ω 1 .n
i iH      

Multiplication of the numerator and denominator of the 

fraction under the logarithm sign by the same number is 

not changing the logarithm value. To bind the ripple 

mean value to the unit value, the integral equation (the 

last one in the system) is introduced into the equation 

system (7), which provides the least quadratic deviation 

of the non-equiripple frequency response 
 

 NωnH  

from the designed frequency response 
 

 NLP ωnH  by 

varying the amplifier gain a .K  

The total number of unknowns is  2 3n q  , 

while the number of equations is  2 1 .q   The differ-

ence  2n   is equal to the number of BPF standard 

elements. When forming the equation system, the 

 2n   element values of BPF r, pr ,iC  sr ,kC  R, 

which are calculated for the implementation of the 

equiripple frequency response, are substituted by the 

closest possible standard values, while the initial pa-

rameters δ,  N2ω ,  N3ω , .., Nω ,n  Q and the calculated 

value of aK  are used as an initial approximation of the 

desired solution of the system of equations. 

Transition to the standard values of the circuit el-

ements causes distortions of the resulting frequency 

response. In addition to the ripple value changes, 

their number may also decrease. The number of ex-

trema required to form the equations system (7) is 

determined from the BPF frequency responses 

graphs 
 

 2
NBP ωnH  with the parameters aK  and 

standard values of the filter elements as 

 1 2 1,q p    where p is a number of extrema of 

the function 
 

 2
NBP ω .nH  

The frequency response expressions of BPF with 

filter orders of 2 2,n   4, 6, 8, 10 with parallel 

 
 

pr

2
NBP

ωn
C

H  and series 
 

 
sr

2
NBP

ωn
C

H  circuits at the 

inputs according to the schematic diagrams in Fig. 3 

and Fig. 4, respectively, are presented in Table 2. Taking 

into account the correlations 

2
pr pr sr sr 01 ,i i k kL C L C    

inductances are expressed by means of the corre-

sponding circuits capacitances; thus, in the equations 

(Table 2) only symbols priC  and srkC  appear (this is 

signified by a subscript C). 

Possible negative values of δ ,i  obtained as a so-

lution of the system (7), correspond to the frequency 

response values 
 

 Nω 1.n
iH   

The analytical expressions of 
 

 2
NBP ωnH  can 

be used to estimate the frequency response distor-

tions when changing the BPF centre frequency. As a 

measure of the BPF frequency response 
 

 2
NBP ωnH  

distortions when an offset from the centre frequency is 

equal to 0ω  can be taken as the definite integral 

value of the square of the difference between the 

functions 
 

 2
NBP ωnH  and 

 
 2

N 0BP ω , 1 ωnH      

over the section 
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Table 2. BPF frequency responses 

2 2n   

 
 

 

 
pr

a 0 pr1 N2
NBP 22

2
N N

0 pr1

ω ω
ω ;

ω 1 ω
ω

C

K rC
H

r R

rC R

 
 

 
   

 

  
 

   
sr

2 a 0 sr1 N
NBP 2 22

N 0 sr1 N

ω ω
ω

ω 1 ω ω
C

K RC
H

r R C



    

  

2 4n   

 
 

 
 

pr

22 2
0 pr1 sr24 2 4 2 3a sr2 sr2

н N N N N NBP
pr1 pr1 0 pr1

1 ω
ω ω ω 2 ω 1 ω ω ;

ωC

rC RCK RC r R C
H

rC rC rC

             
      

 

 
 

 
 

sr

22 2
0 sr1 pr24 2 4 2 3a sr1 sr1

N N N N N NBP
pr2 pr2 0 pr2

1 ω
ω ω ω 2 ω 1 ω ω

ωC

rC RCK C r R C
H

C RC RC

             
      

 

2 6n   

 
 

 

pr pr

6 3 6
a sr2 N 0 pr1 pr3BP BP

,
C C

H K C rC C    
 

 

where 

     

     

pr

2
2
0 pr1 pr3 sr26 6 4 2

N N NBP 2
0 pr1 pr3

2

pr1 pr3 sr2pr1 pr3 5 3
N N N

0 pr1 pr3 0 pr1 pr3

1
3 1

2
;

C

r C C RC

rC RC

rC RC r R CrC RC

rC RC rC RC

     
          
    

   
      

   

 

 
     

sr sr

6 3 6
N a 0 sr1 sr3 N pr2BP BP

,
C C

H K RC C C      

where 

   
 

   
 

sr

2
2

sr 0 pr2 sr3 sr36 6 4 2
N N NBP

pr2

2
2 5 3sr1 sr3 sr1 sr3 sr1 sr3

0 N N N
pr2

1
3 1

2

C

C rC RC C

C

C C C C r R C C
rR

R r R r rC R

     
          
    

      
              

      

 

2 8n   

 
   

 

pr pr

8 4 8
BP N a sr2 sr4 N pr1 pr3 BP

,C C
H K RC C rC C    

 
 

where 

   

 

pr

8 8 6 2sr2 sr4 sr2 sr4
N N NBP

pr3 pr1

2

4sr2 sr4 sr2 sr2 sr4 sr2 sr4
N

pr1 pr3 pr1 pr3 pr3 pr1

2
0 pr1 sr4 7 sr2

N N
0 pr1 pr1

4

6 2 2 1

1
3

C

C C rC RC

C rC

C C C C C C RC

C C C C C rC

rC RC C

rC C

             
  

                  
       

 
     


 

2

sr2 pr3 sr4 5 3sr2
0 sr4 N N

pr3 0 pr1 pr3

3
;

C C CC
RC

C rC C

     
      

     

 

 
   

 

sr sr

8 4 8
N a sr1 sr3 N pr2 pr4BP BP

,
C C

H K C C C C    
 

 

where 

   

 

sr

8 8 6 2sr1 sr3 sr1 sr3
N N NBP

pr2 pr4

2

4sr1 sr3 sr3 sr1 sr3 sr3 sr1
N

pr2 pr4 pr4 pr2 pr2 pr4

2
0 sr1 pr4 7 sr3

N N
0 pr4 pr2

4

6 2 2 1

1
3

C

C C rC RC

C RC

C C C C C C rC

C C C C C RC

rC RC C

RC C

             
  

                  
       

 
     


 

2

sr1 pr2 sr3 5 3sr3
0 sr1 N N

pr4 0 pr2 pr4

3C C CC
rC

C RC C

     
      

     
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       2 21 1 4 1 2 ,  1 1 4 1 2 :Q Q Q Q
 

       

     
 

   

   

    

2

2

1 1 4 1 2
2 2

NBP

1 1 4 1 2

2
2

N 0 NBP

ω

ω ,  1 ω ω ,

Q Q
n n

Q Q

n

I H

H d

 

 

  

     


 

where 
 

 2
NBP ωnH  is an absolute value of TF of the 

2nth-order BPF, which is obtained by conversion (1) of 

TF 
 

 NLP
nH s  (4); 

 
 2

N 0BP ω , 1 ωnH      is a func-

tion of the BPF normalised frequency Nω  and centre 

frequency  
01 ω ,   1 .    Analytical expres-

sions of 
 

 2
NBP ωnH  for 2 2,n   4, 6, 8, 10 are given 

in [10]. 

The numerical estimation of the frequency re-

sponse distortions in case of retuning BPF is deter-

mined by an average value of the function 
   2nI   

over the section  l u :      

   
u

l

2
av

u l

1
.ns I d





  
     

A number of works is dedicated to the problem 

of retuning electric filters (see [11]–[13]). By analo-

gy with [13], where the retuning coefficient is intro-

duced as a ratio of centre frequencies in the final and 

initial states, the retuning coefficient χ is defined as a 

ratio of upper  u 01 ω   and lower  l 01 ω   BPF 

centre frequencies with acceptable integral frequency 

response distortions 
 

 2
u

nI   and 
 

 2
l

nI  , re-

spectively: 

       u 0 l 0 u l1 ω 1 ω 1 1 .              

Considering that the amplifier gain aK  remains 

unchanged during the retuning process, parameters 

2 ,  3,  ..., ,q  N2ω ,  N3ω ,  ..., Nω ,q  Q   

of LPF prototype frequency responses 

 
 N l 0ω ,  1 ωnH      and 

 
 N u 0ω , 1 ωnH      

are solutions of the corresponding systems of 2 1q   

equations, which are formed by excluding the first 

End of Table 2 

2 10n   

 
   
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pr pr
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C C

H K C C rC C C     
 
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   
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      

2
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N N
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N N N N
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2

pr1 pr5 sr2 pr3 sr4 sr2 sr4 pr3 sr2 sr4 5
N

0 pr1 pr3 pr5

1

4

2 3 2
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rC RC C C C rC RC CrC RC
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   
 
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 

      
  

 

 

 
   

 

sr sr

10 5 10
N a 0 sr1 sr3 sr5 N pr2 pr4BP BP

,
C C

H K RC C C C C     
 

 

where 

   

   

sr

10 10 2 8 2sr1 sr3 sr3 sr5 sr1 sr3 sr3 sr5
N 0 sr1 sr5 N NBP

pr2 pr4 pr2 pr4

sr1 sr3 sr5 sr3 sr5 2 6 4sr3 sr3
0 sr1 sr5 N N
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and last equations of the system (7) and with re-

placement in expressions for 
 

 NωnH
 
of the centre 

frequency of 0ω  by  
01 ω :   

 

 
 

 
 

 
 

N l 0 l

l 0

N l 0 N l

20lg ω , 1 ω δ ,  2,  ;

1,  1 ω 1 2 ;

ω , 1 ω ω 0,  2,  ;

n
i i

n

n
i i

H i q

H

dH d i q

      


     


      

 (10) 

 

 
 

 
 

 
 

N u 0 u

u 0

N u 0 N u

20lg ω , 1 ω δ ,  2,  ;

1,  1 ω 1 2 ;

ω , 1 ω ω 0,  2,  ,

n
i i

n

n
i i

H i q

H

dH d i q

      


     


      

 (11) 

where l ,q  uq  – are extrema numbers of functions 

 
 N l 0ω , 1 ω ,n

iH      
 

 N u 0ω , 1 ωn
iH      

respectively. 

The control of the filter centre frequency with 

fixed standard values of capacitances is carried out 

by changing circuits inductances, for example, by 

using variometers. The inductance overlap ratio for 

each variometer is defined as: 

   
2 2

max min u l1 1 ,Lk L L       

where max ,L  minL  are the maximum (lower limit of 

the overlapping range) and minimum (upper limit) of 

the variometer inductances. 

In order to estimate the frequency response distor-

tions in case of BPF centre frequency retuning by chang-

ing the circuits capacitances, we shall express 

 
 2

NBP ωnH  through the circuits inductances priL  and 

sr ,kL  by substitutions in expressions for 

 
 

pr

2
NBP

,n
C

H   
 

 
sr

2
NBP

n
C

H   in Table 2 of values 

below: 

 2
pr 0 pr1 ω ;i iC L   2

sr 0 sr1 ω .k kC L  

The initial values of the inductances, which cor-

respond to the centre frequency, are the inductances 

of the BPF with the equiripple frequency response 

 
 2

NBP ω .nH  The capacitance overlap ratios for each 

capacitor are equal and defined as: 

   
2 2

max min u l1 1 ,Ck C C       

where max ,C  minC  are the maximum and minimum 

circuit capacitances at the centre frequencies of the 

filter  l 01 ω   and  u 01 ω  , respectively. 

Thus, the filter design process of the 2nth-order 

BPF having centre frequency 0ω ,  quality factor Q 

and amplifier gain aK  includes two stages. The first 

stage is a calculation of the LPF prototype parame-

ters, whose elements iC  and kL  are expressed 

through the BPF circuit capacitances priC  and srkC , 

respectively. The calculated parameters are determined 

by solving the system of equations  2n   formed by 

equating the coefficients for equal degrees of variable in 

the expressions of the PF low-pass filter of the proto-

type 
 

 Nb 
n
C

H s  and the PF low-pass filter with equir-

ipple response 
 

 нLP .nH s  The initial characteristics 

are the order of the filter n and the unevenness of 

transmission of the circuit  . 

The transition to the standard values of circuit el-

ements can be achieved when solving another system 

of equations that connects LPF converted parameters 

with unknown parameters of newly introduced non-

equiripple frequency response 
 

 N .nH   At the 

second stage of the filter design, the non-standard 

BPF elements values are substituted by the closest 

possible standard values, while the parameters a ,K  

,Q  ,  N2ω ,  N3ω ,  ..., Nω n  of the equiripple fre-

quency response 
 

 NLP
nH   are used as an initial 

approximation when calculating LPF prototype non-

equiripple frequency response 
 

 N
nH   with pa-

rameters a ,K  ,Q  1,  2 ,  ..., ,q  N2ω ,  N3ω ,  ..., 

Nω .q  With conversion of capacitances, the induct-

ance values are defined as: 

 2
pr 0 pr1 ω ,i iL C    2

sr 0 sr1 ω ,k kL C   

where pr ,iC  srkC  are standard capacitance values. 

At the final stage, the frequency response of the 

designed BPF can be corrected by tuning to another 

centre frequency 0corω  by using all filter inductanc-

es to achieve the least quadratic deviation of the 

function 
 

 2
N 0corBP ω ,  ωnH  from the equiripple 

frequency response 
 

 
 

 2 2
N NBP BP ,n nH H s   

where 
 

 2
NBP

nH s  is obtained from 
 

 NLP
nH s  by 

the normalised frequency Ns  conversion. 

Example. Let us consider calculation of the cir-

cuit element parameters and frequency response of a 
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10th-order BPF with the parallel resonant circuit in 

the transverse branch at the input (Fig. 3), having 

circuit centre frequency of 5
0ω 10  rad s  and fre-

quency response parameters 0.1,   10.Q   The TF 

coefficients 
 

 5
NLPH s  of the polynomial 5th-order 

LPF with the equiripple frequency response uneven-

ness 0.1   and value of 1 2  at the cutoff frequen-

cy Nω 1  are equal to [10]: 0.217744,K   

4 1.535234,b   3 2.147160,b   2 1.635204,b   

1 0.862123,b   0 0.216497;b   the normalised ex-

trema frequencies are N2ω 0.272,  N3ω 0.517,  

N4ω 0.712,  N5ω 0.837.  By equating the coeffi-

cients of
 

 5
Nb C

H s  and 
 

 5
NLP ,H s  a system of 6 

equations with 8 unknowns is formed. 

Assuming that 100 ,r    51 .R    , the solu-

tion of the equation system is: 

a 2.978,K   pr1 2.99 F,C    sr2 10.74 nF,C   

pr3 3.78 F,C    sr4 12.57 nF,C   

pr5 1.63 F.C    

System of equations solution verification: 

   a 0 2.978.K K r R b R    

The closest standard capacitances values from the 

E12 series to the obtained value pr1C
 
are 2.7 μF and 

3.3 μF. For other capacitances, standard values are 

sr2 11 nF,C   pr3 3.9 F,C    sr4 13 nF,C   

pr5 1.6 F.C    For an accurate approximation of the 

function 
 

 
pr

10
NBP

ω
С

H  to 
 

 10
NBP ωH  the capacitor 

pr1C  is replaced in the BPF circuit by two parallel 

capacitors with nominal capacitances of 1.5 μF, thus 

obtaining an equivalent capacitance of pr1 3 F.C    

Fig. 5, a shows the 10th-order BPF frequency re-

sponse with capacities of pr1 2.7,C   3.0 и 3.3 μF. The 

magnified central parts of BPF frequency responses are 

shown in Fig. 5, b. From the figure it can be seen that the 

number of local extrema of the LPF prototype frequency 

response is 3q   when pr1 2.7 FС    and that it is 

equal to 5 with other capacitance values. The solutions of 

the equations system (7) for three pr1С  values and the 

selected centre frequency 0ω  are given in Table 3 (three 

left columns). To make a conversion to the normalised 

extrema frequencies of the BPF frequency response 

 
 

pr

10
NBP C

H  , the following equation is used: 

   
1, 2

2 2
N N Nω 1 ω 4 ω 2 .i i iQ Q    

It is possible to apply the equations systems (10), 

(11) to determine the parameters of the BPF 

Table 3. LPF prototype frequency response parameters  

of the 10th-order BPF 

Parameter 
Tuning to 

center frequency extreme frequencies 

0, rad s  510  50.8 10  51.2 10  

Δ 0 –0.2 0.2 

pr1, FС   2.7 3.0 3.3 3.0 3.0 

q 3 5 5 4 3 

aK  2.950 2.981 3.019 2.981 2.981 

1  –0.033 0.059 0.169 0.059 0.059 

2  –0.169 –0.104 –0.031 0.422 –0.786 

3  0.258 0.041 0.041 –0.031 0.075 

4  – 0.039 –0.043 0.387 – 

5  – 0.121 –0.040 – – 

Q  9.799 9.989 10.175 10.043 10.006 

N2  0.288 0.305 0.327 0.372 0.350 

N3  0.828 0.611 0.543 0.675 0.701 

N4  – 0.662 0.752 0.852 – 

N5  – 0.821 0.794 – – 

 

а 

b 

Fig. 5. BPF frequency responses (a);  

central parts of BPF frequency responses (b) 
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0.95 

1.00 

 
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frequency response
 

 
pr

10
NBP

ω
C

H  with a set of capaci-

tors of standard values when tuning the filter centre 

frequency. The schematic diagram of the 10th-order 

BPF with variable inductors is shown in Fig. 6. 

Assuming that pr1 3 F,C    then, with a centre 

frequency of 510  rad s , the following inductance 

values are obtained: 

pr1 33.3 H,L    sr2 9.1 mH,L   

pr3 25.6 H,L    sr4 7.7 mH,L   

pr5 62.5 H.L    

When tuning BPF in the frequency range 

  5
0ω 0.8 1.2 10  rad s K   0.2 0.2    , the in-

ductance overlap ratios are defined as: 

   2 2
1 0.2 1 0.2 2.25.Lk      

The amplifier gain and frequency response une-

venness at the centre frequency over the entire tuning 

range are constant and equal to the initial values: 

a 2.981,K   1 0.059.   

The function of normalised frequency 

   
0 N1 1            is defined as 

 
   10

N 0BP ω 1 ,  1 ω .H         The frequency 

responses 
 

   
pr

10
N 0BP

ω 1 ,  1 ω
C

H         for var-

ious Δ are shown in Fig. 7. The solutions of the equa-

tions systems (10) and (11) for two extreme values of 

the frequency range corresponding to the retuning 

coefficient    1 0.2 1 0.2 1.5,      are given in 

Table 3 (right columns). 

It is possible to investigate the frequency re-

sponse distortions when varying the BPF centre fre-

quency with the use of variable capacitors. The in-

ductances of parallel and sequential circuits are de-

termined from correlations:  2
pr 0 pr1 ω ,i iL C  

 2
sr 0 sr1 ω ,k kL C  where priC  and srkC  are calcu-

lated values of the initial system of 6 equations: 

pr1 33.43 H,L    sr2 9.31 mH,L   

pr3 26.45 H,L    sr4 7.95 mH,L   

pr5 61.25 H.L    

A schematic diagram of the 10th-order BPF with 

variable capacitors is shown in Fig. 8, while the frequen-

cy responses 
 

   
pr

10
N 0BP

ω 1 ,  1 ω
L

H         for 

the same Δ values are shown in Fig. 9. The curve for 

0   is an equiripple frequency response with pa-

rameters a 2.978,K   1 0.059,   which remain un-

changed while tuning. 

Solutions of the equations systems (10), (11) for 

two values of Δ are shown below. When l 0.2,    

 

Fig. 6. Schematic diagram of the 10th-order BPF with variable inductors 
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Fig. 7. Frequency responses of the 10th-order BPF with 

variable inductors for various Δ 
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Fig. 8. Schematic diagram of the 10th-order BPF with variable capacitors 
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3:q   2 0.869,    3 0.007,   10.006,Q   

N2ω 0.345,  N3ω 0.674.  When u 0.2,   

4 :q   2 0.389,   3 0.106,    4 0.317,   

10.046,Q   N2ω 0.374,  N3ω 0.684,  

N4ω 0.857.  The overlap ratio of capacitances is 

2.25.Сk   

Fig. 10 shows the frequency response distortions of 

the BPF with variable inductors (see Fig. 6): 

     
 

   

   

    

2

2

pr

1 1 4 1 2
10 10

NBP

1 1 4 1 2

2
10

N 0 NBP

ω

ω ,  1 ω ω

Q Q

Q Q

С

I H

H d

 

 

  

     


 

and with variable capacitors (Fig. 8): 

     
 
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H       is a function of the nor-

malised frequency Nω ,  which is expressed by priC  

and srkC  (see Table 2), and the centre frequency 
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Fig. 9. Frequency responses of the 10th-order BPF 

with variable capacitors for various Δ 
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Fig. 10. Frequency response distortion functions   
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.


 

The average values of functions 
   10I   and 

   10J   over the argument range  0.2 0.2     

are equal to 654.92 10  and 653.51 10 , respec-

tively. From the function 
   10I  , it can be seen 

that the frequency response of a non-tunable BPF can 

be corrected by a slight change in frequency 0  us-

ing inductors. The function minima occur at 

0.0144,    which corresponds to the corrected 

angular frequency of circuits tuning 

 0cor 0ω 1 0.0144 ω 98 560 rad s.    The com-

parison of the initial 
 

 
pr

10
N 0BP

ω ,  ω
С

H  and correct-

ed 
 

 
pr

10
N 0corBP

ω 0.9856,  ω
С

H   frequency respons-

es (Fig. 11) shows that the corrected frequency re-

sponse has smaller ripple values at minima points, 

while at maxima points the ripple values are un-

changed. 

Band-rejection filters. When converting from 

LPF to BRF with a centre rejection frequency of 0ω , 

capacitance C is replaced by a series resonant circuit 

with elements srC C   and  2
sr 0 ,L C    

while inductance L is replaced by a parallel resonant 

circuit with elements prL L   and 

 2
pr 0 .C L    When 

   1 1 2nH  , then Θ is a 

BRF quality factor that is equal to the ratio of the 

normalised centre rejection frequency to the normal-

ised stopband, which is determined at the level of 

1 2  the TF absolute value. 

Fig. 12 and 13 show schematic diagrams of the 

2nth-order BRF with the series resonant circuit in the 

transverse branch at the input (Fig. 12) and the paral-

lel resonant circuit in the longitudinal branch at the 

input (Fig. 13) with elements sr ,iC  sr ,iL  pr ,kC  

pr ,kL  ,  1,  .i k n  

Table 4 shows the TF of LPF prototypes of BRF 

 
 Nr 

n
C

H s  (schematic diagram in Fig. 1) and 

 
 Nr 

n
LH s  (schematic diagram in Fig. 2) with filter 

orders 1,  5,n   which are expressed through the cir-

cuits capacitance sr ,iC  pr kC . 

Table 5 shows the 2nth-order BRF frequency re-

sponses of 
 

 
sr

2
NBR

n
C

H   and 
 

 
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2
NBR

n
C

H   for 

2 2,n   4, 6, 8, 10 with the series and parallel reso-
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Fig. 11. Initial and corrected frequency responses of BPF (a); 

central parts of BPF frequency responses (b) 
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Fig. 12. Schematic diagram of the 2nth-order BRF with the series resonant circuit in the transverse branch at the input 
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nant circuits at the input and corresponding to Fig. 12 

and 13, respectively. Frequency responses are ex-

pressed through the circuit capacitances sr ,iC  pr .kC  

Fig. 14, a shows the equiripple frequency re-

sponses of the 5th-order LPF prototype 
 

 5
Nr C

H   

(see Fig. 1) and the 10th-order BRF with the series 

resonant circuit in the transverse branch at the input 
 

 
sr

10
NBR C

H   (Fig. 12) with circuits frequencies 

tuned at 5
0ω 10  rad s  and frequency response 

parameters: 0.1,   10.Q   The magnified  

central parts of the frequency responses are shown in  

Fig. 14, b. When 100 ,r    51 R   , then BRF 

elements have the following non-standard values: 

sr1 29.92 nF,C   sr1 3.34 mH,L   

pr2 1.07 F,C    pr2 93.12 H,L    

sr3 37.81 nF,C   sr3 2.65 mH,L   

pr4 1.26 F,C    pr4 79.53 H,L    

sr5 16.33 nF,C   sr5 6.12 mH.L   

The amplifier gain is a 2.978.K   

 

Table 4. Transfer functions of LPF prototypes of BRF 
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Fig. 13. Schematic diagram of the 2nth-order BRF with the parallel resonant circuit in the longitudinal branch at the input 
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End of Table 4 
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Table 5. BRF frequency responses 
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 Further BRF design with non-equiripple fre-

quency response does not differ from the BPF design 

when appropriate replacements of analytical expres-

sions are carried out. This allows the number of de-

signed filter elements having values that diverse 

from the standard series to be reduced to zero. 

Conclusion. The presented calculation methods 

of band filters and provided example demonstrate the 

feasibility and practicality of a filter design method 

based on solving systems of non-linear equations. In 

contrast to approximation approaches to determining 

ideal filter frequency response using special func-

tions [14], [15] and tabular filter design [16], the pre-

sented method allows high-order filter calculation for 

any initial requirements without using reference data. 
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Fig. 14. Equiripple frequency responses of LPF prototype and BRF (a);  

central parts of LPF and BRF frequency responses (b) 
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